Unit 111

5. (a) Let K be an extension field of F and
a € K. Define adjoin field F(a) of F by

the element a. Prove that either :

Fla) =F(x) = {f(x)/ g(x): f(x),

F
g(x) e F[X],g(x) #0} or F(a)= ﬂ
(p(x))
for some irreducible  polynomial

p(x) € Flx].

(b) Let K be an extension field of F and
E={a € K : a is algebraic over F}.
Then prove that E is an algebraic
extension over F. If F is a finite field,

then comment on the existence of the
field E.

6. (a) Let P be a prime field. Then prove either
P = Z/pZ for some prime p or P = Q.
(b) If F is a field of characteristic 0, and a
and b are algebraic over F, then prove
that there is an element ¢ € F(a, b) such

that F(a, b) =F(c).
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Unit I

Define composition series. Prove that
every finite group has a composition

series.

Define refinements of a series of a group.
Prove that any two subnormal series of a

group have equivalent refinements.

Let G be a multiplicative group. If H
and K be two subgroup of G. Then of
following :

(i) [H, K] = [K, H]

(i1)) If H is normal in G, then [H, K] is
a subgroup of H.

(1) If H and K are normal is G, the
[H, K] is a normal subgroup in G
such that [H, K] < H n K. Deduce
that if H 1s normal in G, then [H, G]
1s normal G such that [H, G] < H.

State and prove Jordon-Holder Theorem

for finite groups.

(b)

(b)

Unit 11

Define a nilpotent group and its class of
nilpotency. If G is nilpotent group, then
prove that Z(G) # {e}. Further, show
that S5 is not nilpotent.

Let H be a proper subgroup of a nilpotent
group G. Then, prove that is a proper
subgroup of its normalizer. Further, if H
is a maximal subgroup of G, then prove

that it is a normal subgroup of G.

Let G be a solvable group and H be a
normal subgroup of G. Then prove that
H and G|H both are solvable.

Prove that a group G is solvable if and
only if G® = {e} for some positive
integer k, where G(® = (G — 1) is the
derived subgroup of G* - D Deduce
that the solvability of S, for any n > 1.
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State the fundamental theorem of Galois

theory. Prove that the Galois group of a
Galois extension Q (\E,\B) over Qis
isomorphic to Z, xZ,.

Let K be a normal extension of F and let
H be a subgroup of G(K, F), where
G(K, F) is the set of all automorphisms
of K leaving every element of F fixed,
let :

Ky ={x € K:o(x) =x forall c € H}
be the fixed field of H. Then prove that :
(1) [K: Kyl = OH)

(i) H = G(K, Kp).

Show that it is impossible to trisect 60°
by ruler and compass.

If p(x) € F[x] is solvable by radicals
over F, then show that the Galois group

over F of p(x) is a solvable group.
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Unit IV

State the fundamental theorem of Galois

theory. Prove that the Galois group of a
Galois extension Q (\E,\B) over Qis
isomorphic to Z, xZ,.

Let K be a normal extension of F and let
H be a subgroup of G(K, F), where
G(K, F) is the set of all automorphisms
of K leaving every element of F fixed,
let :

Kg={x eK:o(x)=xforallc € H}
be the fixed field of H. Then prove that :
(1) [K: Kyl = OH)

(i) H = G(K, Kp).

Show that it is impossible to trisect 60°
by ruler and compass.

If p(x) € F[x] is solvable by radicals
over F, then show that the Galois group

over F of p(x) is a solvable group.
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