(b)
(c)

4. (a)
(b)

5. (a)
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Define norm of an element of Q(\/% )

If o is an algebraic integer of Q(x/% ),

then prove that N(a) is a rational integer.
5
Prove that an algebraic integer € of a
quadratic field is a unity iff N(e) + 1.
5

Define Euclidean field. Prove that the

field Q(7) is Euclidean. 10
Obtain all the unities of the field Q(7).
10

Unit 111

Define prime in a quadratic field. Prove
that primes of Q(\/E ) are given by :

(i) /2 and its associates

(i1)) The rational primes of the form
8n + 3 and their associates.

(iii) The factors a+by2 of rational
primes of the form 8n + 1

4
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1. (a)
(b)

2. (a)

M-DD-314

Unit I

Define Riemann Zeta function and prove
that if s > 1, then

c<s>=H( I_SJ
p \U=p

where the product is over all primes p.

For each integer s > 2, let P(s) denote
the probability that s randomly and
independently chosen integers have
greatest common divisor 1. Then show
that :

p(S):H<1_p_S). Also show that
p

6
p(z)=—. 10,10
T

Let A be a function defined
by }“(Plelpgz ........ p?‘ ) = (_1)e1+€2+....ek and

A1) =1, where py, p,,......p; are distinct

primes. Then show that :

(b)

(a)

http://www.dcrustonline.com

D Md) =

{1 if n is a perfect square
din 0

otherwise

S Mn) _ E(2s)

pe AN A )

Hence show that Vs>1,

Define Euler product. If f is a

multiplicative arithmetic function, and

Zf (n) s absolutely convergent, then

n=l1

prove that :

where p ranges over all the primes. 10,10

Unit 11

Prove that the algebraic integers of Q\/Z
are of the type a+bJym and a + br,

Jm -1

where T= ,a,beZif m=2 or

3(mod 4) and m =1(mod4) respectively.
10
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(a)

(b)

(c)

(a)

(b)
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Unit IV

State Mobius inversion formula and using
this prove that :

Zﬂdm(gj = Zu(dﬁ(gj =1

din din
where n > 1 also t denotes the divisor
function. Verify this equation for n = 12
also. 5
Show that Mobius function p is
multiplicative. 5
Prove that the average order of t(n) is

nlog,”. 10

Define o(n) and show that : 5
o(4m —1) = O(mod 4)

and o(12m 1) = O(mod 12).

Let G denote the set of all arithmetic

functions for which f(1) # 0. Then prove

that G is an Abelian group w.r.t. dirichlet
product. 15

(b)

(b)

http://www.dcrustonline.com

Let m be a prime of Q(i) with odd
norm and let (d, ®) = 1 in Q7). Then
prove that :

o™ = 1(mod ) 10,10

Define Fibonacci number u, and Lucas

number v,. Prove that :

O w,y, +uy, =2u, .,

(i) vy —Su; =(-1)"4
(111) ul% —Uy Uy = (_l)n_l

(1V) V}% “Vu1Vn+1 = 5(_1)n
Hence show that :

(urp un + ]) = (Vn, un + ]) =1
and u,|u,, V r>1.

Prove that the Euclidean Algorithm is

equivalent to the following condition in

Q(\/% ) Given any § (algebraic integer

or not) of Q(x/ﬁ), 3 an algebraic

integer K s.t.
IN(s — K)| <1 10,10
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